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INTRODUCTION

Curve :

» Range of a continous complex valued function z(t) defined on the
interval [a,b]

2(t) = (x(1), y(t)) = x(t) +iy(t),a<t<b

» Specify a curve as

C:zt))=x(t)+iy(t),a<t<b
—C:z(t) =x(—-t)+1y(-t),-bst<-a




» z(a) = z(b) =—> closed curve
> x(t) and y(t) both differentiable —s  Smooth curve

> z(a) = z(b) only point of intersection ————3 Simple closed curve

r L— Lol =T
Z, 0
D_(zy) ={z:|z— z,| <€} = open circular disk
. {z:ry <|z-2zp| <14}

i‘? = circular ring (open annulus)



1. simple curve
2. simple closed curve

3. neither simple nor closed

4. closed but not simple

6. not smooth curve
5. smooth curve



Complex valued function :

f:D—>C ,where D cC

f(z) =(u,v)=u+iv U:RE->R,v:R2> R

Eg:f(z) =z° + 2z ,e?

& (uv)

| > " Range 7




Complex differentiability :

> U be an open subset of C and z, € U
> [ 1s said to be complex differentiable at Z;
1f there exists a complex number L such that

I f(z) — f(z)
im

Z— 2 s — ZD

=L =f"(z)

> There are complex functions which are continous
everywhere but differentiable nowhere.



Analytic /Holomorphic function :

A function f(z) is said to be analytic at 7 = z,

iff there exists some ¢ > (0 such that f['(z) exists for
all 7z € De(2)

l.e. f(z) is differentiable at all points of this
e — neighbourhood

> Examples : all polynomial , exponential functions
» Singular points : Points of non analyticity of a function

| De(zm)

A




Integsral of a complex valued function of a real variable :

> f(t) =u(t) +iv(t), where u and v are real valued
functions of real variable ¢t for a<t<Db

> Define:

} f (t)dt = }u(t)dt + ij).v(t)dt

> Complex integrals of this type have properties similar
to those of real integrals.



Contour :

> acurve constructed by joining finitely many smooth
curves end to end

C =C.+C,+C,+-+C,

N

> KEquation of a straight line joining 2z, = (x,,y,) and

z, = (x1,¥1)

Zq

Z(t) = zo + t(zq — zp)




Real Analysis Complex Analysis

b z
f f(x)dx f(z)dz
a Zg
> can reach from a to > can reach from Z,to
b 1n only one

Zy in infinitely many
directions

direction




Complex Line Integral :

> C be smooth curve given by
2(t) = x(t) + iy(t), a<t<bh

> f(z) be continous at each point of C
> Partition the interval [a,b] by points

a ="ttty T b where t, <t; <t,.... L

t1 fz tn—l
a=tg b=t,

> To this subdivision, there corresponds a sub division of C
by points

20,21, 22, . 2y,  Wherez; = z(t;)



> Between each pair of partition points z,, and z;,_4
select a point C; on C, make the Riemann sum

S, = ) F(6) @ = Zeoy)
k=1

I
— Zf(ck)ﬂzﬁf , Az, =7, —7j,_,
k=1




Defination : Let C be a contour. Then,
f f(z)dz = lim f(c)Az,
C 11— C0 ; i

, provided the limit exists. gg?l?culation

v

_ f " F(2(0)z' (t)dt

a

f f(z)dz »  Contour integral of f around C
C



Properties of contour Integration :
L[ 7@ + 9@z = | r@iz + | g(ard
2. J; (a +ib)f(z)dz = (a + ib) J; f(2)dz
fs. [ f@az=- | r@az

4, J;1+sz(z)dz=J;f(z)dz+ J;f(z)dz

1



1+1
Q]_ Evaluate f (,}: - y -+ fl..}f:)dz
0

along the straight line from (0,0) to (1,1)
over the path along the lines y =0 and x =1
over the path along the linesx =0 and y =1
along the path y* =x

Solution :



Use this formula

b
) L f(z)dz = f f(z(t))z'(t)dt

@) Elf (z)dz = %(i - 1)

[ feriz=T242
(i) sz(z) Z=—t

-1 i

(iii) ng (2)dz =—-——

(1v) C4f(z)dz =30 + é



Q2. Evaluate: f23+3dz , where C 1s
c A

(1) upper half of the circle |z| =2 in the clockwise
direction

(11) lower half of the circle |z| =2 i1n the anti-clockwise
direction, and

(111) the circle |z| =2 in the anti-clockwise direction

Solution :
D Put z=2" 7<t<0 1z = 2
dz = 2ie'tdt




P4 +3
ff(z)dzzf - 2ie'tdt
C

. 2elt
= 8 — 3mi

(ii) C,: z=2eldt, m<t<2m

J'2“ 4e't + 3

S 2lettdt

J; f(2)dz =

T

= 8 + 3ml




(111) .
C,: z=2e', 0<t<2m

“The't 4+ 3
ff(z)dz:f 2ie'tdt = 6mi
c 0

2elt




Q3. Show that

1 _ Z?TI'.,E'.]C n=-—-—1

where C 1s a circular path with centre z, and radius
. >0, traversed in the anti-clockwise direction.

! ‘ Special case

dz ,
f = 2mi, where C:|z—2zy| =7r,r >0
C

Z_Zﬂ l

result is independent of r




Domain : open + connected set

Simply Connected Domain

/ "having no holes"

eg. interior of a circle,ellipse

e

Multiple Connected Domain

l

"domain that is not simply connected"

eg. annulus ,circular ring




Simply Connected Domain

O v/ =@

Multiple Connected Domain

@ ©



Cauchy - Goursat Theorem

> Augustin Cauchy first proposed in 1825
> Edward Goursat gave a revised proof in 1883

Statement : Let f(z) be analytic in a simply
connected domain D. If C 1s a simple closed
contour that lies in D, then

J’f(z)dz =0

*Cauchy proved this theorem with the additional
requirement that f' be continous.



Corollary :
Independence of path

C be any contour joining z, and z,

f f(z)dz is independent of curve(C
c

depends only on z,and z,



2. Deformation of contour

f(z) is analytic in D

C;, and C, simple closed + vely oriented contour

f(z)dz =




conclusion

——>

ff(z)dz = | f(z)dz = 2mi
C

€y

C is a simple closed + ve contour

Zy lies interior toC




27
7% + 2

Q4. Evaluate : f dz where
c
(i) C is the circle |z| = 2

(1) C 1s the circle |z —1i| =1

Solution : By partial fractions

I 27 g f dz o dz
7 =
EZE_I'Z CZ"‘T..'\/E EZ—T..'\/E

(1) The points z = iﬁ—i 2 lies interior to C.



By Cauchy Goursat theorem,

2Z . . _
Tt 2 dz = 2mi + 2mi = 4mi




(01 _\E) L

The point z =iV2 lies inside C
The point z=—-iv2 lies outside C
1 dz

So, the function 1s analytic inside C, — =
Z + I\E Y cZ+t I.'\/E

dz =0+ 2mi = 2mi




Cauchy Integral Formula

» shows that the value of an analytic function f
can be represented by a certain contour integral

Statement: Let f be analytic in the simply
connected domain D and let C be a simple
closed positively oriented contour that lies in D.
If zy1s a point that lies interior to C, then

1
flzo) =5 [ 12

, dz
2T ) Z — Zy




f is analytic in D

dz = 2mi X [{Z




o Cauchy Integral Formula for derivatives :

) = — [ L2

G
27l f. (2 — Zp Bl

[ denotes nth derivative of f

|

f _ 1! f(z)
[(z0) = 2mi ). (z — zy)? dz
f”(zﬂ) — 1 f(Z) dz and so on

2mi J. (z — 7p)3



Consequences :

s> Analytic functions are infintely dif ferentiable

[Cz) = u e
) 4

> If f is analytic in a domain D, then all its
derivatives [, ", "
in D.

> If [ is analytic in a domain D, then all partial

derivatives of u and v exist and are continous
in D.

.., " exist and are analytic



i iz where C 1s

Q4. Evaluate : fﬁ c
cZ+1

© =2 @ |d=1

Solution :
e~ 7
ff:z +1 ks cZ iF((—)l) dz ,where f(z) =e™*
f(z) is analytic on and inside |z|] =2, and %, = —1

lies 1nside |z| = 2
By cauchy integral formula,

f(2)
cZ—(—1)

dz =2mi X f(—1) = 2mie



E..—E
Z+ 1

(11)

is analytic on and inside |z| = >

dz =0

By Cauchy Goursat theorem, #; e ”
cZ+1

f\
K\:z
1Y -
Y \//y




Q5. Evaluate : f( dzl):. where C:|z| =2
7 — 1)2

Solution : f % le)z =2mif'(1) =0 . f2)=11(1)=0

y

o

Q6. Evaluate : f dz where C:|z+ 1| =2
C

-

4 — z-

~

Solution ; J‘ 72
Eil—z- f(2—z)(2+z)

z =2 lies outside C,

z = —2 lies inside C




ZE

Lé;idz=2ﬂff(—2) where f(z):z_z

-

= 21I

Q7. Evaluate : 1 Zi_iLdz

where C: |z—1| =2

2w J.z° + 4
Solution : 1 f Z — 4 o
2T z—+4 ~ o (z+2r)(z—2:)
z = 21 lies inside C - z4 — 4
21
z = —2i lies outside C, =_— | £% I dz

2T Jo Z — 21



74 — 4
Z+ 21

= % X 2mi X f(2i) where f(z) =

= —2
15
Q8.Let f(2)= ) 2" ,z€C.If C:|z—i|=2, then find

n=>0

f(2)

-5

Solution :
f(z) being a polynomial of degree 15 1is
analytical everywhere.



By Cauchy integral formula for derivatives,

f(z) _ 2@,
f(z—r)lS T 141 SANO

NOW, f(Z):ZZ!',ZEC

n=>0
fi(z) = 14115z + 1)

J@ = 2T 4% (151 + 1)
z-DB YT 14

= 2mi(1 + 15i)



dz
Q9. Let 1. = qu(z— Dz=2) ,Where C. ={z€C : |z| =r}
Then,
(a) I. = 2mi, if r €(2,3)

(b) I =%, if r € (0,1)

(¢) I. = —2mi, if re(1,2)

(d) I.=0, if r>3

Choose the correct one.



Partial fractions

Solution : /

f_f dz 1 dz f dz +1f dz -
.= ¢ 2(z—1)(z - 2) 2 ¢ Z c,Z—1 2J);.2-2

(a) Ifre(23) ,z=0,1,2 all lie inside C,

x gives I, = > X 21l — 2T +§ X 2l = —Tl
so, option (a) 1s 1ncorrect.
(b) If re(0,1) z=1and 2 lies outside C,
z =0 lies inside C,
. 1 . 1 .
* glves I. =§>< 2m—0+§x 0 = mi

so, option (b) 1s incorrect.



(¢ Ifre(12)

z=0 and 1 all lie inside C, z = 2 lies outside C.,

* glves [, =§><2?TI'.—2?TI'.+§XO=—?TI'.

so, option (¢) 1s 1ncorrect.

d) Ifr>3
z=0,1,2 all lie inside C,

1
* glves [, =§><2ni—2ni+§x2ﬂ'i=0

so, option (d) 1s correct.



z+1 a 3
Q10. If L(Zz_SZ+2+Z_1)dz—U,wh.ere C: |z|—§

find the wvalue of «a.

Solution: f( 2L - )d — 0
" 32—32+2+z—1 “

Drf( Gk 1 + “ )dz:[} z =1 lies inside C
J\z-1(=z-2) z-1
z = 2 lies outside C
z+1 ; -
- 7 Z
D?‘,L%dz+aLz_1:0 wh.eref(z)zz_z

or,2mi X f(1)+a X 2mi =0

4

a =2



1
Q11. Evaluate : ﬁf 11+ z+z%|%dz , where C:|z| =1
v
Solution :

1+z+2z°|d
szl z+ z°|%dz

= 2mf(1+z+.z )(1+z+z )d

2mf{1+z+z )(1+z+z )d

= ZMU(l—Fz—I—z )dz—l—f(z—kzz—l—zz )dz—l—f(z 4 zz° + 7% }n!z



z?  z=

2 z z

1 1 1 1 1 1
= 1El+f —+zX—4+-— xz)dz+f(z+zx—+—xz)dz

- 9

Along C, Z=—
z




Q12. Evaluate: f CDS]} (Hz)dz ,where C:|z| =2
cZ(z4+ 1)

Solution :

Z+1i ?

Z

h
f cosh (mz) i f cosh (nz)d 1 f cosh (m2) . 1 J‘ cosh {nz)d
c c c c

z(z2 +1) z 2 zZ—1

The points z=0,i,—i all lie inside |z| = 2.




By Cauchy integral formula, where f(z) = cosh (mz)

I cosh (mz) 1 /

Z = 2mi Xf(o)_ﬁx 27Tl xf(—i)—%x 2l X (i)

z(z*+ 1) <
= 2mi [£(0) = 5 x f(=1) = 5 % fD)]

= 411




Q13 Let j;_: l(z _12)—]: - ({1 _22)- + 4

curve C 1s a triangle having vertices at

dz = 41 where the closed

—1—1 1—1
I ( = ) an 7 Find the values of a

Solution :




f 1 (a—2)?
c[(z—Z)“-‘_ - +4|dz = 4n

f S 2)Efdz+4fd 4
or, — a— I L = 7T
e 2)* c < c

dz
GT,O—(H—2)2L3_0+0=4” as z = 2 lies outside C

eaE=Es - 1 — 1




. g%
Q14. Kvaluate : f 1D dz ,where C:|z| =2
C

Solution: , — _1 Jjes inside C

f(2) = e*? is analytic inside and on |z| = 2

By Cauchy integral formula,

L (z fz)df 9 L (z —9(2—21))4 .

— an rre
== X/ (=D

81Tl
3e2




Q15. Evaluate : f c dz where C 1s
o Al L A

ONCEE
) Jz— 1 =%

(i) |z| =2

Solution :

Lz(le_z)gdz ) Lez(é_zi1+(zj1)3 _(3—11)3)dz

J.Ezd J‘ EE d +J- E"E d J~ E,E d
c 4 cz—1 c(z—1)° ~Az=he g



(1) z =0 lies inside |z| =5 5 Z= 1 lies outside |Z| =

so, (*¥) gives

Lzue—z)ﬂdz =2mix f(0)+04+04+0 f(2)=¢"

= 211

2 : : 1 oe inci
(2) 2z =0 lies outside lz—1| = > z =1 lies inside |z — 1| :E

so, (*) gives

e 27
Lz(l—zﬁdz =0+ —2mi xf(1)+2m><f’(1)—j><f”(1)

= —7ie




(3) z=0and1 lies inside |z| =2

so, (*¥) gives

f A dz—fegd fezd+f ¢ i
cZ(1-2z)3 B o 4 ? = “ oz S ; _L(z—lﬁ

211

= 2mi X f(0) — 2mi x f(1) + 2mi X f'(1) = =+ x (1)

= 21l — 2mie + 2mwie — 1mie

=mi(2—e)







